We consider quantum-mechanical path integrals for non-linear sigma models on a circle defined by the string-inspired method of Strassler, where one considers periodic quantum fluctuations about a center-of-mass coordinate. In this approach one finds incorrect answers for the local trace anomalies of the corresponding n-dimensional field theories in curved space. The quantum field theory approach to the quantummechanical path-integral, where quantum fluctuations are not periodic but vanish at the endpoints, yields the correct answers. We explain these results by a detailed analysis of general coordinate invariance in both methods. Both approaches can be derived from the same operator expression and the integrated trace anomalies in both schemes agree. In the string-inspired method the integrands are not invariant under general coordinate transformations and one is therefore not permitted to use Riemann normal coordinates.
Introduction
One-dimensional (quantum-mechanical) path integrals in curved space (non-linear sigma models) have been used to compute the chiral [1] and trace [2] anomalies of ndimensional quantum field theories coupled to external gravitation and Yang-Mills fields. In addition, quantum-mechanical path integrals in flat space have proven useful to calculate one-and higher-loop Green's functions for field theories [3, 4] . In both cases one considers the evaluation of the partition function of the onedimensional theory on a finite time interval [−β 1 , β 2 ].
For the evaluation of anomalies the quantum-mechanical path integral has been defined, in analogy to quantum field theory (QFT), by time slicing and requiring that all paths attain the same values at −β 1 and β 2 for bosonic point particles (or opposite values for fermionic point particles) [5] .
1 One decomposes the paths ("fields") x i (t) into a background solution of the free theory satisfying the boundary conditions at −β 1 and β 2 and quantum deviations vanishing at these points. Compactifying the interval to a circle (as seems natural for evaluating the trace, which yields the partition function), such paths will in general possess a kink-discontinuity because their derivatives need not be continuous at the point where the endpoints come together. The kinetic operator in the space of functions which vanish at the endpoints has no zero modes, and is readily inverted. To compute the partition function one finally integrates over all possible boundary values.
On the other hand, for the evaluation of Green's functions in flat space, a stringinspired approach to the path integral has been used [3, 4] . Here the periodicity of the partition function is reflected in the fact that bosonic paths are decomposed into periodic fluctuations about a constant center-of-mass mode (and fermionic paths are expanded into antiperiodic fluctuations). 1 The propagator for these deviations is constructed by inverting the kinetic operator in the space of periodic functions orthogonal to the constant modes, which are zero modes of the one-dimensional Laplacian, and only at the very last does one integrate over the center-of-mass coordinate.
In this letter we consider quantum-mechanical path integrals in curved space using the string-inspired definition of path integrals; we will use the calculation of trace anomalies to illustrate our points. Both definitions can be derived from the same operator expression by time-slicing. At first sight one would thus expect that this method should give the same results as the QFT approach. In fact it has been observed that for linear sigma models (flat-space) the target space Green's functions in both methods differ by total derivatives [4] and we have earlier shown why chiral anomalies are independent of the approach one uses [6] . We find that the results for local trace anomalies differ, due to a subtlety having to do with general coordinate invariance (Einstein invariance) in curved space. Namely, in the QFT approach the Riemann summands g(
) are Einstein invariant, whereas in the string-inspired 1 In the case of chiral anomalies, the fermionic point particles attain the same values at −β 1 , and β 2 .
approach the corresponding expressions are not Einstein invariant (even ifĤ is Einstein invariant, i.e., even ifĤ commutes with the generator of general coordinate transformations). Consequently, one cannot simplify the calculations in the stringinspired approach by using normal coordinates. Only the integrated expressions in this approach are general coordinate invariant. In the QFT approach, on the other hand, one obtains directly the correct local trace anomaly, and the invariance of the summands allows normal coordinates to be used. Since both approaches are derived from the same expression, this indicates that again the integrands computed with either method should differ by a total derivative. We present explicit two-loop and three-loop calculations which support our arguments, and our conclusion is that the easiest way to compute quantum-mechanical amplitudes in a curved space-time background is to follow the QFT approach rather than the string-inspired method.
Two approaches to the path integral
The basic object to compute is the partition function: the trace of the transition element z| exp(− β hĤ )|y . HereĤ(x i ,p i ) is an arbitrary but fixed Hamiltonian operator with i = 1, . . . , n. For definiteness we shall choose an Einstein invariantĤ, which means thatĤ commutes with the generatorĜ(ξ i (x)) for general coordinate transformations with parameters ξ i (x) [7] . The Hamiltonian we consider is given bŷ
In the transition element one inserts N −1 complete sets ofx-eigenstates and N-sets ofp-eigenstates, rewrites the Hamiltonian in Weyl-ordered form 2 , replaces thex and p-operators by their c-number eigenvalues and integrates over all p's. The factors det(g ij (x k + x k−1 /2)) produced by the integration over the p's are exponentiated by anticommuting Lee-Yang ghosts b i , c i and a commuting Lee-Yang ghost a i [2] . Since we are interested in taking traces, we set z = y.
From this point on the QFT approach and the string-inspired approach go separate ways. In the QFT approach one expands the z i = x 
2 It has been shown in [9] that also in curved space one may replace the Weyl-ordered exponential by the exponential of the Weyl-ordered Hamiltonian, because the difference vanishes for N → ∞. This is due to the fact that the propagators p i (t 1 )p j (t 2 ) and p i (t 1 )q j (t 2 ) are not singular in ǫ ≡ β/N . WithĤ in Weyl-ordered form one may use the midpoint rule to evaluate arbitrary functions of the operatorsx andp in terms of the eigenvalues x and p. Weyl-ordering of (2.1) leads to well-known extra noncovariant terms of orderh 2 which are crucial for the general coordinate invariance of the transition element.
By coupling
)/ǫ to external sources, one obtains the discretized propagators in closed form, and by taking the limit N → ∞ one reads off the correct Feynman rules [5] (the rules how to evaluate integrals over products of distributions θ(σ − τ ) and δ(σ − τ ) as they appear in Feynman graphs). The upshot is that δ(σ − τ ) is to be considered a Kronecker delta function and that θ(0) = 1/2, so that for example (we define t = βτ for convenience)
(2.3) After a careful detailed analysis [5] one finds that
The integral d n x 0 g(x 0 ) on the r.h.s. of (2.4) comes from taking the trace and the factor (2πβh) −n/2 coincides with the Feynman measure. The terms with R and ΓΓ are created by Weyl ordering eq. (2.1). The continuum limits of the propagators to be used for the perturbative evaluation of the last factor are
is singular for σ → τ but that this singularity cancels in the sum q iqj + b i c j + a i a j . At higher loops the a i , b i , c i ghosts are crucial to remove all ultraviolet (σ − τ → 0) singularities and as a result all integrals are finite (as they should be in quantum mechanics, despite the double derivative interactions in 
but now one expands the n × N integration variables x i k into periodic functions which are eigenfunctions of the free action
(We take N to be even.) In the discretized expression for (2.8), only factors of the metric g ij at midpoints occur, and no explicit g ij (x 0 ) survive. We decompose x to the same external sources as before, but substituting then (2.9) one finds after considerable tedious but straightforward algebra the propagators for the stringinspired method in closed discretized form [6] . They contain discretized theta-and delta-functions with the same properties as before; in particular (2.3) holds again. The continuum propagators are now given by (2.6) with
and x 0 replaced by x c . As expected, this propagator is translation invariant, and satisfies 
where the right-hand-side is now evaluated using ∆ SI (σ, τ ). In particular S int is the same as (2.5) but with x i 0 replaced by x i c . However, the integrand exp(− 1 h S int ) xc cannot be written as a matrix element with well-defined position bras and kets; rather it is a function which can be computed using (2.10) and (2.3). In particular the x c in g(x c ) is not a true position like the x 0 in g(x 0 ), which is an eigenvalue of thex-operator. It is this fact which is of crucial importance for the issues of general covariance. Starting with an Einstein invariant Hamiltonian our final answer for the partition function will be general coordinate invariant. In the QFT case the integrands z| exp(− β hĤ )|y and the tracing measure d n x 0 g(x 0 ) are separately Einstein invariant by construction. In the string-inspired case there is no reason why the integrands on the right-hand-side of (2.11) should be Einstein invariant, and explicit calculations show that they are not Einstein invariant. Only the integrated expression for the partition function is guaranteed to be covariant (and is the same in both approaches since in both cases one integrates over all n × N variables).
We have now defined the path integral according to the QFT method and the string-inspired method. Both have the same non-covariant orderh 2 counterterm needed for the Einstein invariance of the final results, and both have the same vertices because both are based on time-slicing. The difference rests solely in the order of the integration over Note that the number of eigenfunctions into which quantum fluctuations are expanded is the same in both cases (sines and cosines of the double angle vs. only sines of the single angle). However, if we view the integration region in both cases as a circle, we have a kink in the paths in the first case but not in the second case.
3 Comparison of approaches: Trace anomalies in n = 2 and n = 4 dimensions
The anomalies of n-dimensional quantum field-theories can be written as
where J is the Jacobian ∂δφ(x)/∂φ(y) of the fields φ(x) transforming under the symmetry with δφ(x) andĤ is a regulator. For consistent anomalies the form ofR is unique [10] and for local trace (Weyl) anomalies for real scalar fields one finds that R is equal to the Hamiltonian (2.1) with an improvement term. The QFT approach then yields [2] An W = lim
where σ(x) is the Weyl parameter, normalized to δ W g ij = σ(x)g ij (x) and
3)
The term with R(x) is the improvement term and ξ = 1 4
(n − 2)/(n − 1). The trace in (3.2) can be written as a path integral. For the QFT approach one finds then that the local trace anomaly is proportional to
. Naively, one might expect a similar expression for the trace anomaly in the stringinspired method, proportional to
One should, however, take care in defining the expectation value of a local operator in the stringinspired approach. The naive equivalence with the QFT approach by taking the local operator at the point x c is incorrect since at a discretized intermediate stage
where denotes
g(x k )dx i k and S is the discretized action. Using cyclicity of the trace, (3.2) leads to the left-hand-side of (3.4), not to the right-hand-side.
Unambigous is the global trace anomaly where σ(x) is a constant. In that case the anomaly is just proportional to the partition function and this is the case we shall consider.
For n = 2 we need all (connected and disconnected) two-loop graphs on the worldline. 4 If one uses normal coordinates, only graphs with the topology of the number 8 and the counterterm contribute. The local anomaly is then proportional to
The singularities with δ(0) are well-defined in the discretized expressions and cancel in both approaches. Following the QFT approach, and substituting (2.7) in the above, one obtains the correct answer − 1 12
R. In the string-inspired method, substituting (2.10), the second term vanishes due to the fact that
• ∆ SI (τ, τ ) = 0 and the final result is − 1 9 R, which is incorrect. The results for the calculation in general coordinates are summarized in figure 1 , where we introduce the notation
g jk ∂ p g qr and similarly for ∂ i g jk ∂ j g ik . For example in the first line in figure 1 we find the contribution due to expanding exp − ). In the last line one finds the contribution from the orderh 2 terms in the action which were produced by Weyl ordering.
Adding all contributions, we find for exp (− 1 h S int ) x 0 (proportional to the local Weyl anomaly of a real scalar field in n = 2 dimensions) in the QFT approach an Einstein invariant result, which of course equals that of the normal coordinate calculation.
(We have written each term as a product of a tensor structure times the result of integrations over expressions depending on ∆(σ, τ ). Using normal coordinates one Graphs:
Tensor Structure: QF T : SI :
The results for the trace anomaly for a real scalar field in n = 2 dimensions. Dotted lines denote ghosts. For each graph, the result in either the QFT or stringinspired (SI) approach is obtained by taking the product of the tensor structure and the number in the appropriate column. The tensor structure is the same in both cases as the vertices are the same. Because ∆
• SI (τ, τ ) = 0 in the string-inspired approach, there are fewer nonvanishing contributions than in the QFT approach. However, the sum of all contributions is general coordinate invariant in the QFT but not in the SI approach. need only evaluate the first, second and last graph in figure 1.) However, in the string-inspired approach we find a noncovariant result
Hence the integrands in both methods differ. Yet the integrated expressions (3.6) and (3.7) should be the same, as we explained in the previous section. By integrating these expressions with d n x 0 g(x 0 ) and d n x c g(x c ), respectively, and using partial integration we may replace terms with double derivatives of the metric by products of terms with single derivatives. This yields under the integral sign the "equalities"
One then indeed finds that the integrated Weyl anomalies agree
The case n = 2 is rather special as the answer is proportional to √ gR (n=2) which is itself a total derivative. Let us therefore consider the trace anomaly for a real scalar field in n = 4 dimensions and compute it using normal coordinates. This will explicitly demonstrate that one gets incorrect results from the string-inspired method. As we explained before, this is due to the fact that one can only choose normal coordinates at one point, but since the integrands (functions of x c ) are not Einstein scalars, one cannot use normal coordinates at each point x c .
In n = 4 the improvement term in (3.3) is nonvanishing and effectively converts the termh R. The action yields the following vertices in normal coordinates
The β-independent term (which yields the trace anomaly) now arises from three-loop diagrams. Since there are no three-point vertices in normal coordinates, the fivepoint vertices do not contribute. The four-and six-point vertices yield the graphs in figure 2. In the one-but-last line of figure 2 one finds the contribution from the orderh 2 vertex 1 24
jl (x 0 + q) due to expanding it to second order in q i and contracting the two q i 's to an equal time loop. Note that it would have been incorrect to omit the ΓΓ term alltogether by arguing that it will not contribute in normal coordinates. In the last line one finds the contribution from the disconnected graphs; they are proportional to the square of the n = 2 result, but with the improvement term their contribution vanishes in the QFT approach. This is coincidental as for the trace anomaly in n = 6 dimensions the contribution from disconnected graphs does not cancel. (It is given by the products of lower dimensional trace anomalies, namely (− Adding all contributions, we obtain from the QFT approach
QF T : SI : 
The results for the trace anomaly for a real scalar field in n = 4 dimensions, calculated in Riemann normal coordinates. Only the topology of the graphs is indicated and all terms should be multiplied by an overall factor (βh) 2 /72 to obtain the results in (3.11) and (3.12). In the string-inspired approach the fact that ∆
• SI (τ, τ ) = 0 again leads to great simplifications but in this approach the integrands are not Einstein invariant and the use of normal coordinates is therefore illegal.
which is the correct result [8] . In the string inspired result assuming (incorrectly) that one may use normal coordinates in the integrands, we find instead
The D 2 R terms come out the same, for which we have no explanation at hand, but the other terms are different. This demonstrates that using normal coordinates in the string-inspired approach yields incorrect results for the local trace anomaly.
Conclusion
We have considered path integrals of quantum-mechanical non-linear sigma models. The operator expression for the partition function can be evaluated in two different ways: the QFT approach (where paths vanish at the endpoints) and the stringinspired approach (where paths are manifestly periodic). At the discretized level, where all expressions are well-defined, the difference is that in the QFT approach one first integrates over the intermediate points q k = x k − x 0 for k = 1, ..., N and then over the endpoint x 0 = x N , while in the string-inspired approach one first integrates over the deviations q k = x k − x c and then over the center-of-mass x c = 1 N x k . As the starting point is the same expression for both path integrals they should yield the same answers.
As a test we considered local trace anomalies, which are proportional to Tr σ(x)exp(− β hR ) withR a regulator equal to the HamiltonianĤ with an improvement term. This yields the correct local trace anomalies using the QFT approach. The string-inspired approach to path integrals does not reproduce the correct local trace anomaly from d n x c g(x c )σ(x c ) exp(− 1 h S int ) xc . We understood this by going back to the discretized level in which case σ(x c ) equals σ( S int ) xc as a regularization scheme for Tr σ(x), our result shows that different regularization schemes (for example the QFT approach and the SI approach) lead to different local trace anomalies. Since trace anomalies are not topological, this result could have been expected.
The integrated or global anomaly, for which σ(x) is constant, is proportional to the partition function. The answers for this case are the same, as they should, but a second subtlety was discovered in the proces. Namely, the QFT approach has the additional benefit that the transition element x 0 | exp(− β hĤ )|x 0 is itself general covariant and one may use normal coordinates in evaluating Feynman diagrams. The string-inspired approach uses the cyclic symmetry of the partition function, which causes many diagrams to vanish trivially but the integrand exp(− 1 h S int ) xc is not covariant and the benefits of cyclicity are offset by the fact that one is not allowed to use normal coordinates.
Our final conlusions are twofold. First, one cannot use the string-inspired path integral to construct regulators for local trace anomalies which keep Einstein invariance at the quantum level. Second, one can use the string-inspired method to evaluate partition functions, but one cannot use normal coordinates and the integrands differ from those in the QFT approach by total derivatives.
